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Potential barriers in the effective radial potential experienced by a photoexcited electron are shown to result
in dramatic, resonancelike effects in two-photon ionization processes. In a two-photon ionization process, such
potential barriers may affect not only the final state of the electron (as in ordinary photoionization), but also
the intermediate-state electron wave packet corresponding to the absorption of one photon. We illustrate these
effects for the generalized two-photon cross sections for ionization of Ar and Xe within a single-active-electron,
central-potential model.
DOI: 10.1103/PhysRevA.82.053414 PACS number(s): 32.80.Rm, 32.80.Aa
I. INTRODUCTION
The development of novel, intense, and tunable free-
electron lasers (FELs), such as, e.g., the Free-Electron Laser
in Hamburg (FLASH), the SPring-8 Compact Self-amplified
Spontaneous Emission Source (SCSS) Test Accelerator in
Japan, and the Linac Coherent Light Source (LCLS) at
Stanford, opens a new regime in which nonlinear processes
in the extreme ultraviolet (XUV) and x-ray regions can be
investigated [1,2]. Recently, interest has focused on mul-
tiphoton ionization of Xe with photons of 93 eV energy
[3–7], with some experiments [6,7] indicating the possible
influence of the 4d → εf giant dipole resonance that is
well known in single-photon ionization of Xe (see, e.g.,
[8–11] and references therein). In single-photon ionization,
the giant dipole resonance phenomenon has been interpreted
as originating from a potential barrier in a particular one-
electron ionization channel [8,10] or as originating from a
many-electron, collective oscillation of the atomic electrons
[9,11]. The two interpretations are not inconsistent: While
identification of a potential barrier in a single photoionization
channel describes the phenomenon qualitatively, inclusion of
many-electron correlations is required to achieve quantitative
agreement with experiment. Also, interchannel interactions
may transmit the effect to other channels. For multiphoton
processes in the XUV regime, there are many competing
processes leading to multielectron ionization [5]. Using photo-
electron spectroscopy, however, two-photon above-threshold
ionization (ATI) of the 4d subshell of Xe was measured for
93-eV photons, and evidence of a giant dipole resonance was
reported [7].
At present, the approaches most capable of describing
multiphoton processes including many-electron correlations
are the R-matrix Floquet and the time-dependent R-matrix
methods (see, e.g., Refs. [12,13]). As reported in Ref. [7],
for 93-eV photon energy a “not very accurate” R-matrix
Floquet calculation nevertheless found that the Xe 4d-
subshell two-photon ATI cross section is dominated by the
4d → εf → ε′g channel, where the first step corresponds
to the well-known Xe 4d-subshell giant dipole resonance
transition.
In this article, we report model potential results on the
frequency dependence of two-photon ionization and ATI cross
sections from particular subshells of Ar and Xe, showing
that potential barriers play a large (and in the case of ATI,
dominant) role in these new frequency regimes. Our results
provide a broader understanding of the resonance feature
reported recently in ATI of Xe at the single-photon energy
h¯ω = 93 eV [7]. A preliminary account of this work and its
results was presented earlier [14].
II. THEORETICAL CONSIDERATIONS AND APPROACH
The two-photon transition amplitude from initial state |0〉
of energy E0 to final state |f 〉 of energy Ef is
T
(2)
f←0 =
′∑
i
〈f |D|i〉(E0 + ω − Ei)−1〈i |D|0〉, (1)
where the linearly polarized field of frequency ω is treated
using lowest-order perturbation theory, D is the electric dipole
operator, Ef = E0 + 2ω, |i〉 of energy Ei is the ith interme-
diate state, and the prime indicates both a sum over discrete-
states i and an integration over continuum intermediate-
states i. We evaluate Eq. (1) using the Dalgarno-Lewis
method [15],
T
(2)
f←0 = 〈f |D|〉, (2)
where  is the solution of the inhomogeneous equation
(E1 − H ) = D|0〉, (3)
where E1 ≡ E0 + ω and H is the N -electron, nonrelativistic
model Hamiltonian,
H =
N∑
i=1
[−(1/2)∇2i + V (ri)], (4)
where V (r) is the Herman-Skillman central potential [16],
which includes the electron-nucleus interaction and which
accounts for electron-electron interactions in an average way.
In the single-active-electron approximation, Eq. (3) and the
usual Schro¨dinger equation for |f 〉 reduce to equations for the
active electron’s intermediate and final radial functions, λε1(r)
and ψεf ′(r), respectively, where ε1 ≡ ε0 + ω, εf ≡ ε0 + 2ω,
and ε0 is the active electron’s initial orbital energy. For
ε1 < 0, λε1(r) → 0 when r → ∞; for ε1 > 0, λε1(r) satisfies
outgoing wave boundary conditions [17,18] and in this ATI
case, free-free dipole matrix elements (2) are evaluated using
the complex coordinate rotation method of Ref. [19]. We
employ atomic units.
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FIG. 1. Effective radial potentials for electrons having orbital
angular momentum  = 2 in Ar and  = 3 in Xe.
Potential barriers may occur in the effective radial poten-
tials, Veff(r) = ( + 1)/2r2 + V (r), that result from reducing
Eq. (3) to a radial equation for the active electron. For pure
Coulomb potentials, as for the H atom, Veff(r) never has a
barrier, no matter how large the orbital angular momentum .
However, for  = 2,3 in heavier atoms, Veff(r) may have a
potential barrier with height <1 a.u., typically for 1 <∼ r <∼
4 a.u. (cf. Fig. 17 in [8]). Such positive energy barriers stem
from the electron-electron repulsion and the centrifugal barrier
being greater than the nuclear attraction for radii in the region
of the outer subshells of heavier atoms. As examples, Fig. 1
shows the effective potentials for Ar ( = 2) and Xe ( = 3)
with barrier heights of 0.07 and 0.35 a.u., respectively. The
barrier results in a double-well effective potential such that
ionization from a bound state located in the vicinity of the inner
well becomes maximal only for an excited electron energy
comparable to the height of the barrier (because continuum
states with energies below the barrier height occupy primarily
the outer well).
III. RESULTS AND DISCUSSION
A. Intermediate-state potential barrier effects
Consider first the two-photon single ionization of the 2p or
3p subshell of Ar. Each has three channels [20],
Ar np6(1S) + 2γ → Ar+ np5(2P )εp(1S), (5)
→ Ar+ np5(2P )εp(1D), (6)
→ Ar+ np5(2P )εf (1D). (7)
For linearly polarized light, the generalized two-photon total
cross section, σ , may be defined in terms of the transition
amplitudes XLMεl for each of these channels [20]:
σ = 8π3α2ω2(∣∣X00εp∣∣2 + ∣∣X20εp∣∣2 + ∣∣X20εf ∣∣2), (8)
where α is the fine structure constant, ω is the photon energy, L
is the total orbital angular momentum of the final state, M = 0
is its projection on the polarization axis, and ε and l are the
energy and orbital angular momentum of the ionized electron.
FIG. 2. Solid Lines: Generalized two-photon total cross section
(TCS) for ionization from (a) the Ar 3p and (b) the Ar 2p subshells.
Dashed Lines: TCS contribution of the εf (1D) channel [cf. Eq. (7)].
The one-electron energy ε1 ≡ εnp + ω, where εnp is the np-orbital
energy and ω is the photon energy.
In the single-active-electron approximation, the amplitudes
XLMεl reduce to
XLMεl = i−lexp(−iσl − iδl)3−1/2
[
L 1 1
M 0 0
]
T
(2)
f←0, (9)
where σl is the Coulomb phase, δl is the phase shift with
respect to a Coulomb wave, and T (2)f←0, defined by Eq. (1), is
calculated using Eq. (2). For details, see Refs. [20,21].
Figure 2 shows the generalized two-photon total cross
section, σ [cf. Eq. (8)], for ionization of the Ar 2p and 3p
subshells plotted vs the energy ε1 ≡ εnp + ω of the active
electron’s intermediate-state wave packet, λε1(r) [cf. Eq. (3)].
Thus, ε1 < 0 implies two-photon ionization, while ε1 > 0
implies ATI. Although σ for the 3p subshell is 103 times
larger than that for the 2p subshell, the resonancelike shapes
of σ for the two subshells are remarkably similar: Both have
Rydberg resonances below ε1 = 0, a maximum just above,
followed by a smooth, broad decrease. The maximum occurs
at ε1 = 0.05 a.u. for Ar 3p and 0.1 a.u. for Ar 2p, both of which
are close to the height of the potential barrier, 0.07 a.u., for
Ar( = 2), shown in Fig. 1. The broad resonance in σ for both
subshells extends into the below-threshold region (i.e., ε1 < 0)
owing to the low height of the potential barrier for Ar( = 2) so
that the resonancelike maximum occurs close to ε1 = 0. Our
calculations show that the εf final-state channel (7) provides
more than 95% of the value of σ , while the other two channels
are highly suppressed. Channel (7), in addition to having
an intermediate d state that experiences a potential barrier,
involves also a sequence of transitions in which both the active
electron’s orbital angular momentum and the system’s total
angular momentum increase with each photon absorption;
that is, p(1S) → d(1P ) → f (1D). The other two channels,
(5) and (6), also have contributions from intermediate d states
that experience the potential barrier, but upon absorbing the
second photon the active electron’s orbital angular momentum
053414-2
POTENTIAL BARRIER EFFECTS IN TWO-PHOTON . . . PHYSICAL REVIEW A 82, 053414 (2010)
FIG. 3. Solid Lines: Generalized two-photon TCS for ionization
from (a) the Xe 3d and (b) the Xe 4d subshells. Dashed Lines: TCS
contribution of the εg(1D) channel [cf. Eq. (13)]. The one-electron
energy ε1 ≡ εnd + ω, where εnd is the nd-orbital energy and ω is the
photon energy.
decreases and, in the case of (5), so does the total orbital
angular momentum.
Two-photon single ionization of the 3d or 4d subshell of
Xe is a bit more complicated, as each has four channels:
Xe nd10(1S) + 2γ → Xe+ nd9(2D)εs(1D), (10)
→ Xe+ nd9(2D)εd(1S), (11)
→ Xe+ nd9(2D)εd(1D), (12)
→ Xe+ nd9(2D)εg(1D). (13)
Figure 3 shows the generalized two-photon total cross section,
σ , for ionization of the Xe 3d and 4d subshells plotted vs
the energy ε1 ≡ εnd + ω of the active electron’s intermediate-
state wave packet, λε1(r) [cf. Eq. (3)]. In each case, the
resonance maximum is at ∼0.34 a.u., which is very close to the
Xe ( = 3) potential barrier height, 0.35 a.u., shown in Fig. 1.
Our calculations show that the εg final-state channel (13)
provides more than 95% of the value of σ , while the other
three channels are highly suppressed, for reasons similar to
those adduced for Ar. In contrast to results for Ar, there
is a notable absence of Rydberg structure for ε1 < 0. This
stems largely from the large potential barrier in Xe seen by
the  = 3 intermediate states, which results in most Rydberg
f states occupying the outer well (cf. Fig. 1) so that they have
little overlap with the nd-initial states. [The single Rydberg
resonance shown in Fig. 3(b) just above ε1 = −0.1 a.u. is due
to a 4d → 6p transition.]
In order to elucidate the origin of the giant resonance
seen in Fig. 3(b), we examine in more detail the dominant
channel (13), which involves the two dipole transitions,
4d → ε1f → εf g (where εf = ε4d + 2ω). The transition rate
for this channel is proportional to the radial dipole matrix
element 〈ψεf g|r|λε1f 〉 [cf. Eq. (2)]. In Fig. 4 we plot the
final-state radial wave function, ψεf g(r), and the amplitude of
the complex intermediate-state electron wave packet, |λε1f (r)|,
as functions of the radial coordinate r for three different photon
energies, corresponding to energies ε1 below, at, and above
FIG. 4. (Color online) Upper three (black) curves: Amplitude
of the complex intermediate-state radial wave packet, |λα(r)| ≡
|λε1f (r)|, for three energies ε1 ≡ ε4d + ω below, at, and above
the resonance maximum in Fig. 3(b). Lower three (red) curves:
Corresponding final-state radial wave functions, ψβ (r) ≡ ψεf g(r),
where εf ≡ ε4d + 2ω.
the resonance maximum in Fig. 3(b). One observes that the
final-state radial wave functions, ψεf g(r), have nearly the same
amplitudes. However, the amplitudes of the intermediate radial
wave packets, |λε1f (r)|, change dramatically: At the energy of
the resonance maximum, there is a more than factor of two
increase in amplitude compared to the energies below and
above the maximum. The resonance maximum is thus due to
a transitory trapping of the intermediate-state electron wave
packet by the potential barrier at energies in the vicinity of the
barrier height.
B. Final-state potential barrier effects
In ordinary photoionization, it is the final-state electron that
probes the potential barriers shown in Fig. 1. In a two-photon
ionization process, the final state may also probe these barriers,
but (owing to dipole selection rules) the active electron must
originate from an initial state with the same parity as the final
state. We illustrate this by examining the two-photon ionization
of the Ar 3s subshell, for which there are only two channels:
Ar 3s2(1S) + 2γ → Ar+ 3s1(2S)εs(1S), (14)
→ Ar+ 3s1(2S)εd(1D). (15)
Our results for the generalized two-photon ionization cross
section, both total and for each of the channels (14) and
(15), are shown in Fig. 5. Unlike in the four ATI cases
shown in Figs. 2 and 3, in each of which there is only
one dominant channel, for this case in which the final-state
electron probes the potential barrier the contributions of the
two allowed channels are comparable. The total cross section
has a resonance at 0.08 a.u., which is close to the barrier height
for Ar ( = 2) (cf. Fig. 1) experienced by the electron in the
εd final-state channel (15).
An unexpected feature in Fig. 5 is the Cooper minimum
near εf = 0.3 a.u., originating from a zero in the partial
053414-3
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FIG. 5. Generalized total and partial two-photon ionization cross
sections for the Ar 3s subshell. εf ≡ ε3s + 2ω is the ionized electron’s
energy, where ε3s is the 3s orbital energy.
cross section for the εd channel (15). Cooper minima have
been investigated systematically in single-photon ionization
processes (see, e.g., Refs. [22–24]), but have not been
investigated for multiphoton processes. Our calculations show
that as the energy of the final state varies across the height
of the potential barrier, its phase shift changes dramatically,
so that the overlap of the intermediate-state wave packet and
the final state changes [cf. Eq. (2)], leading to a sign change
in the radial part of the transition amplitude. However, rules
of thumb for predicting when and where such minima occur
requires more detailed theoretical and numerical study.
IV. CONCLUSIONS
In conclusion, our results for two-photon ionization of
various subshells of Ar and Xe (as well as other results,
not shown, for Au, Ag, Cu, and Hg) indicate that potential
barrier effects may be general features of multiphoton ioniza-
tion processes. (We are currently investigating three-photon
processes to confirm this expectation.) For the two-photon
cases considered here, the most dramatic results occur in
ATI processes when the intermediate-state electron wave
packet having a high orbital angular momentum probes the
corresponding potential barrier. Far from being merely a
convenient way to sum over a complete set of intermediate
states, the intermediate-state electron wave packet obtained
by solving Eq. (3) may be used to obtain insight into key
features of two-photon processes. In the two-photon ionization
case, in which the final-state electron probes the potential
barrier, Cooper minima originating from rapid changes in the
final-state phase shift are also likely to be common features,
but require more systematic investigations. We emphasize
that while electron correlations will alter the present results
quantitatively, the dramatic resonancelike enhancements that
we predict represent a qualitatively correct guide for both ex-
periments and also for more detailed theoretical calculations.
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